In the framework of general relativity, a description of the matching conditions between two rotating perfect fluids spacetimes in terms of the kinematical properties of the fluids is introduced. The Einstein and Darmois equations are written using coordinates adapted to the boundary separating both spacetimes. The functions appearing in the equations have an immediate physical interpretation. The analysis is extended to the case of matching a perfect fluid spacetime ͑star interior͒ with a vacuum spacetime ͑gravitational field outside the star͒. By solving a boundary problem for a first order partial differential equation ͑''master equation''͒ we define an exterior tetrad such that the matching conditions and the Einstein equations, for this case, reproduce those of the two-fluid problem. The formalism is applied to a particular static spherically symmetric star and to the Kerr metric.
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I. INTRODUCTION
One of the main subjects of relativistic astrophysics is the description of the constitution and evolution of relativistic stars ͑neutron stars, quarks stars, . . . ͒. These are stars with rapid internal motion and/or a high density such that it is necessary to use general relativity to describe them. Usually, these stars rotate ͑with rigid or differential rotation͒. Here we will consider stationary and axisymmetric configurations in circular motion, i.e. in permanent rotation. Trying to describe one of these isolated rotating bodies, we immediately realize that we have to cope with the problem of finding an interior solution ͑the gravitational field inside the star͒ and an exterior solution, describing the gravity field produced outside the star. These solutions have to match adequately such that we do not have fictitious forces when crossing the star surface. The condition that the star is an isolated body imposes that the exterior solution has to satisfy a condition of asymptotic flatness. It is obvious from the very beginning that we do not know the boundary of the star a priori. That complicates the situation substantially, and mathematically becomes a free-boundary problem.
The matching or junctions conditions between two spacetimes is a fundamental part of the problem. This subject has been considered in classic works by Darmois ͓1͔, Lichnerowicz ͓2͔, O'Brien and Synge ͓3͔, and Israel ͓4͔. The relation between the different approaches has been considered by Bonnor and Vickers ͓5͔. The expression of these conditions in terms of the Newman-Penrose formalism has been presented in ͓6͔. Null matching surfaces have been studied in several works ͓7,8͔ and a formalism valid for hypersurfaces of any constant type is presented in ͓9͔. Junction conditions for general hypersurfaces ͑changing the type from point to point͒ are considered in ͓10͔. Symmetry-preserving matchings, especially for stationary and axisymmetric spacetimes, have been studied in ͓11͔.
There are interesting results for the particular case of rotating bodies. By solving two integral equations, Neugebauer and Meinel ͓12͔ have constructed a general relativistic generalization of the classical zero-pressure Maclaurin disk. The density of the dust disk was determined by computing the jump in one of the metric functions. The uniqueness of the exterior gravitational field has been studied in ͓13͔. The possibility of matching the Wahlquist interior solution with an exterior field has been studied by considering a slow rotation approximation in ͓14͔. The matching of a special class of solutions is presented in ͓15͔.
A procedure, based in the monodromy matrix, for matching a given stationary axisymmetric perfect fluid solution to a not necessarily asymptotically flat vacuum exterior is described by Ernst and Hauser in ͓16͔.
We would like to mention the numerical codes developed to construct models of rotating relativistic stars ͓17͔. The Einstein equations are integrated numerically with the asymptotic conditions at infinity. These models are very interesting because they produce very accurate results for the global properties of rapidly rotating stars. Let us note that usually those numerical codes use coordinates not adapted to the surface of the star and then, if discontinuous physical properties exist in this surface ͑for instance, the energy density͒, they suffer from a reduction of the accuracy due to a high-frequency noise at the surface of the star ͑Gibbs phenomenon͒ ͓18͔. In order to improve the accuracy in those models, as well as models with phase transition, some surface-fitted coordinates could be used. In this paper we introduce coordinates of this type, which are exactly adapted to the transition surfaces. It is interesting to note that a scheme due to Bonazzola et al. ͓19͔ , which uses numerically adapted coordinates in a multi-domain spectral code, produces improved results near the surface of the star.
One way to cope with free-boundary problems is to define coordinates such that the matching hypersurface is given by the vanishing of one coordinate in the description of both the interior and the exterior regions. In this paper, we will introduce coordinates of this kind and we will write down the Einstein equations and the matching conditions ͑Darmois conditions͒ using them.
The star interior is usually described as a fluid; here we will use perfect fluids in circular motion with a barotropic *Email address: mgromero@fis.ucm.es equation of state. To have a better knowledge of the conditions imposed by the matching process on the kinematical properties of the fluid ͑vorticity, shear, . . . ͒, we consider the problem of matching two perfect fluids across a surface of constant pressure; for instance, two fluids with different rotation regimes or with different equations of state. Then, we can write the matching conditions by using the kinematical properties of both fluids on the matching hypersurface. This situation is interesting by itself, because it can be used as a model for a star with a phase transition ͑two regions with different equations of state or rotation laws, separated by a well-defined surface͒. The results can be used as a guide to the problem of matching an interior fluid solution and an exterior vacuum solution, i.e. to obtain an isolated rotating star model. In particular, when matching a fluid interior region with a vacuum exterior region, we will use the gauge freedom, that exists in vacuum spacetimes in defining an orthonormal tetrad, to reproduce the properties of the junction process of two fluids. Also, we choose coordinates such that the matching surface is given by the condition of the vanishing of one of the coordinates. This coordinate is defined in terms of the tetrad in a manner we will describe below.
We will see how this choice of gauge and coordinates has the by-product of a simplified version of the equations in the interior and exterior regions. Also, in the interior region the functions that we find in the equations ͑Einstein and Darmois equations͒ have an immediate interpretation in terms of the properties of the fluid. For the exterior region, we will prove that, in general, it is possible to define, in a unique manner, an orthonormal tetrad verifying all the conditions described above. To obtain this tetrad we have to solve a first-order partial differential equation, which we will call the master equation. In our opinion, this tetrad can be considered as a natural prolongation to the exterior of the intrinsic interior tetrad, which is determined by the fluid velocity.
We apply the formalism to a static spherically symmetry configuration where the entire process can be done in an explicit and analytical manner. This configuration can also be used as a guide for further developments. The master equation for the Kerr metric is analyzed, and some particular exact solutions are obtained and analyzed. These particular solutions are extended for the master equation of more general spacetimes.
II. DIFFERENTIAL FORM APPROACH FOR ROTATING PERFECT FLUIDS
To study the properties of the stationary and axisymmetric perfect fluids in circular motion, we use a fluid-adapted orthonormal tetrad formalism which was previously introduced ͓20͔. The Einstein equations are formulated as an exterior differential system where the 1-forms used ͑kinematical 1-forms͒ have an immediate interpretation in terms of the kinematical properties of the fluid ͑acceleration, vorticity, shear, . . . ͒. To fix the notation, in this section we will present the definitions of these kinematical 1-forms. For completeness, the exterior differential system equivalent to the Einstein equations will be summarized in the Appendix.
We use a Ricci principal tetrad; in our case this implies that we have the fluid velocity 0 ͑timelike͒ as one of the tetrad elements. Given that we assume that our spacetimes are stationary and axisymmetric, with a circular motion, we can choose another element of the tetrad 1 ͑spacelike͒ in the space of the orbits generated by the Killing fields. The only condition for the other two elements of the tetrad 2 and 3 is that they have to lie in the two-dimensional space orthogonal to 0 and 1 , therefore we have a gauge freedom in choosing them. We introduce 1-forms a,w, and s in the ͕ 2 , 3 ͖ space, such that the kinematical properties of the fluid can be written in terms of them. The expansion ⌰ vanishes, a is the acceleration 1-form, and the shear and vorticity tensors can be written as follows:
The vanishing torsion equations, the first Bianchi identities, the Einstein field equations, and the Euler equation can be written using these kinematical 1-forms and two other 1-forms b and , which are also in the ͕ Let us mention that the symmetry of our problem impose that all the functions appearing in our formulation depend only on two coordinates whose differentials are in the space generated by 2 , 3 .
III. KINEMATICAL PROPERTIES AND SECOND FUNDAMENTAL FORM OF THE MATCHING HYPERSURFACE
In the problem of matching two spacetimes which are solutions of the Einstein equations, the regularity conditions impose that the first and the second fundamental forms of the matching hypersurface coincide when they are calculated both from the inside or from the outside. If one or both solutions describe perfect fluids, it is a natural question to ask if the matching conditions can be written using the kinematical properties of the fluids. In this manner, we could have a better knowledge of the physical implications of the matching process.
To express the matching conditions in terms of the kinematical properties of the perfect fluid, we have to write down the second fundamental form of the matching hypersurface using them. We can parametrize the matching hypersurface by its normal 1-form; in our case, a stationary and axisymmetric perfect fluid in circular motion, and if the matching surface is described by the equation pϭconst, the normal 1-form can be written as follows:
where n 2 2 ϩn 3 2 ϭ1. Let us take an extension of n on a neighborhood of the matching hypersurface. The covariant derivative of n can be written as 
where TϵϪn 3 2 ϩn 2 3 , n 2 ϭcos ␣, n 3 ϭsin ␣, and • indicates the scalar product in the ͕ 2 , 3 ͖ subspace. The second fundamental form of the hypersurface pϭconst is obtained by projecting this covariant derivative on the hypersurface ͑i.e. calculating the pull-back of this covariant derivative on it͒. The result is independent of the extension used for n ͓22͔.
IV. THE TWO-FLUID PROBLEM
Let us consider the case when the two spacetimes that we would like to match describe two configurations of rotating perfect fluid ͑for instance, imagine that we have an inner core of a rotating star in rigid rotation, and the outer part of the star in a differentially rotating regime, or two regions with different equations of state separated by a well-defined surface͒. We impose that the matching hypersurface ⌺ be a constant-pressure hypersurface (pϭp 0 ); the velocity of the fluid uϭ 0 and 1 are then tangents to ⌺. For both fluids, from the Euler equation we have that dpϭϪ(ϩp)a, and nϭϮa/͉a͉. We also assume that the fluids have a barotropic equation of state ϭ(p); then we can write aϭdU, and therefore the matching surface can be described by the equation Uϭconst. By using the freedom in the definition of U, we can impose that the matching hypersurface ⌺ is described, in both spacetimes, by the equation Uϭ0. If bٙa 0 ͑the other case, which includes cylindrical symmetry and dust fluids, is a degenerate one and can be considered in a separated manner ͓21͔͒ we can use as our coordinates in the ͕ 2 , 3 ͖ space U and other coordinate v defined up to a constant by the equation bϭdv ͑the constant can be chosen such that v in ͉⌺ ϭv out ͉⌺ ). Note that for stationary and axisymmetric spacetimes, with no more symmetries, this coordinate v is invariantly defined ͑up to a constant͒ because we have
where 0 ٙ 1 is the volume element in the space of the orbits of the Killing fields and dbϭ0 ͑the Appendix͒. Therefore we can write bϭdv.
Then the kinematical 1-forms can be written as follows ͑see the Appendix͒:
Now, we align one of the components of our orthonormal tetrad with the invariant 1-form b, so that 2 ϭGdv. If we parametrize the duality operator in ͕ 2 , 3 ͖ subspace by
, and choose 3 ϭÃ 2 , then we have
where G, f and N are functions of U and v ͑a similar parametrization, especially adapted for interior regions, has been used in ͓21͔. Here, we have modified it to be also useful for vacuum spacetimes͒. Therefore, we can write the spacetime metric as
Note that G, f and N have an immediate interpretation in terms of the kinematical 1-forms a and b
The Einstein equations can be written as follows:
where mϭe ϩ⑀e Ϫ , nϭe Ϫ⑀e Ϫ , ϭm/n and ϭ2U Ϫvϩ2h().
It is interesting to note that Eq. ͑19͒ is the integrability condition for Eqs. ͑16͒ and ͑17͒ for G U and G v . Therefore, if we obtain f and N from these equations and substitute the result in the rest of the equations, Eq. ͑19͒ is identically satisfied. Given an equation of state ϭ(p), the Euler equation ͑18͒ can be solved in order to obtain pϭp(U) and ϭ(U). The rotation regime has to be fixed by giving a particular function h(). Finally, we have two second-order partial differential equations for G and from Eqs. ͑14͒ and ͑15͒. Therefore, the Einstein equations can be reduced to this system of two second-order partial differential equations for G and . Once a solution is known for G and also f and N are known, and the complete metric can be written ͑see the Appendix͒.
Let us concentrate in the matching conditions in these coordinates. The first fundamental form on the hypersurface ⌺ can be written as follows:
and the second fundamental form
where all the function are evaluated in Uϭ0. To obtain the last expression for K the Einstein equations have been used. We impose that there does not exist any discontinuity in the fluid velocity on
Therefore, we can define a unique velocity of the fluid on
, associated with ⌺ 0 we have its kinematical properties and 1-forms w ⌺ ,s ⌺ ,b ⌺ on the surface. It is easy to check that these 1-forms can be obtained by projecting the 1-forms defined for the interior and exterior fluids on the hypersurface ⌺ ͑the pull-back commutes with the exterior derivative and the exterior product͒. Then we have
The continuity of the first and second fundamental forms ͑Darmois conditions͒ is equivalent to
͑27͒
From the equations in Eq. ͑22͒, the continuity of the component dv 2 of the first fundamental form, and the components ͉⌺ 0 ͉⌺ 0 , ͉⌺ 0 ͉⌺ 1 , and ͉⌺ 1 ͉⌺ 1 of the second fundamental form we obtain the continuity of f, G, N, and U . Using the Einstein equations ͓in particular, Eq. ͑17͔͒ we have that p in ͉⌺ ϭp out ͉⌺ . From the dv 2 component of the second fundamental form the continuity of G U in ⌺ is derived. It easy to check, using the previous relations, that
and (a•w) in ͉⌺ ϭ(a•w) out ͉⌺ . Therefore, ͉a͉, ͉b͉, ͉w͉, ͉s͉, cos(a,b), cos(a,w), and cos(b,w) ͑the moduli of all the kinematical 1-forms and the angles among them͒ have to be continuous in ⌺.
There are functions that can be discontinuous on the matching surface. These are, for instance, f U ,N U ,p U , and uu . The discontinuity of these functions can be obtained from the Einstein equations. For these discontinuities we have
where ͓ ͔ϭ( ) in Ϫ( ) out ͑we have used the fact that ḣ is continuous in Uϭ0). It is interesting to note that the discontinuities of these functions depend on the discontinuity of ͑the energy density͒. These discontinuities can be written in a more intrinsic manner in terms of the derivatives of kinematical properties in the U direction
As a summary, we can say that the matching conditions in these coordinates impose that f ,G,N, v , U ,h͑ ͒, and G U are continuous on Uϭ0 ͑as well as all the v derivatives up to the order of continuous differentiability imposed for a regular point. It is assumed that these derivatives have limits from inside and outside͒. This is equivalent to the continuity of the moduli of all the kinematical 1-forms and the angles among them.
The two-fluid problem has been reduced to two nonlinear second order partial differential equations with independent variables U and v for G and in the interior and exterior regions. The boundary conditions impose that G and be continuous and have continuous partial U derivatives on U ϭ0.
V. THE ISOLATED STAR PROBLEM: VACUUM EXTERIOR AND INTERIOR FLUID
Now, we have to match an interior perfect fluid spacetime ͑modeling the interior of a star͒ and an exterior vacuum spacetime ͑modeling the field produced by the star outside͒. Following the two-fluid model, we choose a fluid-adapted tetrad for the interior region. In the exterior region, even when we impose that 0 and 1 be in the space of the orbits of the two Killing fields, there is a gauge freedom in choosing them. If we take a starting tetrad with caret we can make the following gauge hyperbolic rotation:
where is an arbitrary function of the coordinates. We consider a maintaining the symmetry ͑i.e. does not depend on the time and axial coordinates͒. If we choose some x and v coordinates in the space orthogonal to the orbits of the Killing fields, then, is a function of x and v. In this section, the leading idea is to use this gauge freedom ͑choose ) to reproduce the previously developed two-fluid matching process. The main ingredient of the two fluids matching model is a 0 such that the corresponding acceleration 1-form a verifies that aϭdU and the matching hypersurface ⌺ is described by the equation Uϭ0. Also, it is satisfied that in ͉⌺ 0 ϭ out ͉⌺ 0 . In the case we are considering now, in the exterior region we have no Euler equation and no baryotropic equation of state implying that daϭ0, but we have the gauge freedom choosing 0 . Hence, we look for a 0 that verifies wٙs ϭ0 and therefore, by the second Bianchi identities, daϭ0 holds (aϭdU, at least locally͒.
Under the previously considered gauge rotation, the 1-forms a, b, w, and s transform adequately. It is interesting to define auxiliary 1-forms ␤ϵbϪ2a ͑34͒ ␦ϵwϪs ͑35͒ ϵwϩs ͑36͒
such that the transformation relations can be written in the following simple manner:
␦ϭsinh͑2͒␤ ϩcosh͑2 ͒␦ .
͑40͒
The condition wٙsϭ0 is equivalent to ٙ␦ϭ0, which in terms of the variables with carets reads
We call this equation the differential form master equation. The solutions of this equation can be separated in two cases:
␦ϭ0 and ␦ 0. The first one, when ␦ϵsinh(2)␤ ϩcosh(2)␦ϭ0, implies, by using the field equations, that the spacetime is static. We will not consider this case in detail here, as it can be treated in a separate and simpler manner.
In the second case, we have ϭ␣␦, which in terms of the variables with carets reads as follows:
where ␣ is an arbitrary function of the coordinates x and v. This is an equation where we have to determine ␣ and . Note that we can interpret this equation as determining all the possible gauge transformations that from a given starting tetrad with caret give as result a new tetrad verifying wٙs ϭ0⇔daϭ0. If we start with a tetrad already satisfying w ٙsϭ0, then the equation determines the transformations that maintain this property. Using coordinates x and v the differential form master equation implies
We will assume that sinh(2)␤ x ϩcosh(2)␦ x and sinh(2)␤ v ϩcosh (2) 
Hence we can check, a priori, if we are in one of these cases where the solution to the master equation is known.
In the general case we can obtain ␣ from one of the equations, for instance from the first one, and then substitute the result in the other equation to have
͑46͒
This last equation is a first-order quasilinear partial differential equation that can be used to determine . We call this equation the partial differential equation ͑PDE͒ master equation; to this equation we have to add the boundary condition in͉⌺ 0 ϭ out͉⌺ 0 . This fixes in the surface ⌺ defined by an equation F(x,v)ϭ0 ͓i.e. ͉⌺ ϭg(v)], but then we have a boundary problem for a quasilinear differential equation, and it is a well known fact that this problem has a unique solution, at least locally around ⌺, unless the boundary condition is a characteristic condition.
Note that the PDE master equation depends on the starting tetrad with caret. To fix the notation we can choose the tetrad with caret as follows:
where t and are the coordinates of a non-rotating observer at infinity. For this tetrad we have sϭ0, i.e. it is a rigidly rotating tetrad. Hence, in a non-characteristic case there is an unique 0 which satisfied that wٙsϭ0 and such that in a given surface ⌺ coincides with a prescribed one. Therefore, the analysis done for the two-fluid problem can be reproduced now with a ''virtual'' fluid velocity given by this 0 . Then, we obtain exactly the same results as in the two-fluid problem, and the Einstein and Darmois equations can be reduced to a boundary problem for a system of two second-order partial differential equations for two functions in two variables, except that, in this case, we should impose p out ϭ0 and out ϭ0. The conditions imposed by the matching requirements, in the kinematical 1-forms are also the same as in the two-fluid problem. 
A. The characteristic case
where U ϭlnͱϪ(g tt g Ϫg t 2 )/g which also satisfies the imposed conditions ͑virtual fluid with irrotational motion͒.
Hence, we can always choose a 0 in the exterior region satisfying wٙsϭ0 and coinciding with a prescribed one in ⌺, which is a ''static fluid surface'' ͓24͔. In fact, it is possible to find several ones, but, for instance, we can always choose the virtual fluid with irrotational motion. Therefore, we have reduced this problem to a two-fluid problem, except that outside we have pϭ0 and ϭ0.
B. Matching known solutions
We have analyzed the problem of obtaining new interior and new exterior solutions. Now, let us analyze the theoretical problem when one ͑the interior or the exterior͒ or both solutions are known.
Suppose that an exact interior solution is known. The matching hypersurface is given by the equation pϭ0. It is possible to introduce U and v coordinates in this interior region. Then, we can formulate the boundary problem for the exterior region using the U and v coordinates and the parametrization presented in Sec. IV. This is implemented by giving the values of G and and their U derivatives in the matching surface Uϭ0.
Let us consider the case when an exterior exact solution is known in some coordinates, say x and v. First, we have to choose a matching hypersurface ⌺, given by an implicit equation F(x,v)ϭ0. Starting from a rigid rotating tetrad with caret for the asymptotic t and coordinates, we can write down the PDE master equation. The boundary problem for this equation is fixed by giving a (v) in ⌺, which is equivalent to fixing a fluid angular velocity distribution on ⌺ ͑with respect to a non-rotating observer at infinity͒. This also fixes the function h() on ⌺. The matching conditions determine h() in the interior, at least locally around ⌺. For a perfect fluid with a given barotropic equation of state ϭ(p) we can formulate a boundary problem for the interior region in U and v coordinates.
When we know an exact interior solution and an exact exterior solution, we have to look for the matching surface ⌺, which will be given by an equation F(x,v)ϭ0 in the exterior and by pϭ0 in the interior. On ⌺ we have ͉⌺ 0 invariantly defined by the interior fluid velocity, then the PDE master equation and its boundary condition determine out 0 , and the U and v coordinates can be introduced in the exterior, at least locally around ⌺. The matching conditions presented in Sec. IV, will determine if there is a hypersurface ⌺ where the two spacetimes can be matched.
VI. MATCHING INTERIOR AND EXTERIOR SCHWARZSCHILD SOLUTION IN U AND v COORDINATES
In this section, we will present a very simple example of the matching in U and v coordinates; in particular, we will apply the formalism for the case of a static solution consisting of the interior Schwarchild solution (ϭconst) and the exterior Schwarchild solution.
A. Interior Schwarzschild solution
The line element of this solution can be written as follows:
where a, b, q, and R are constants. This solution represents a perfect fluid in comoving coordinates and with equation of state ϭconst ͓23͔. We can choose an orthonormal tetrad following the prescription described above ( 0 is the velocity of the fluid and 1 is orthogonal to 0 in the ͕t,͖ sub-
for the kinematical properties we have
and w and s vanish. Then, the change to U and v coordinates is described by the following relations:
The line element in these coordinates can be written as
and 0 and 1 in these coordinates read as follows:
The pressure in these coordinates reads
and the energy density is a constant ϭ3/R 2 .
B. Exterior Schwarzschild solution
The Schwarzschild spacetime for vacuum in the standard coordinates can be written as follows:
͑63͒
Following The line element in those coordinates can be written as
The condition that in 0 ϭ out 0 in Uϭ0, as well as the definition of 1 , impose that U 0,in ϭU 0,out and v 0,in ϭv 0,out . The matching conditions are the continuity of the functions f ,G,N, and G U ; as U , v , and h() vanish. The continuity of f ,G, and N impose the following relations:
The solution of these equations is
.
͑84͒
By substituting these relations in the condition imposed by the continuity of G U we have that this condition is identically satisfied ͑in fact, this happens for any static spherically symmetric spacetime͒. In order to compare the results with those obtained by the matching procedure in r and coordinates, we use that Uϭ0 implies that rϭr 0 , and then we have e ϪU 0 ϭͱ1Ϫ2m/r 0 or, what is equivalent, a ϭ 3 2 ͱ1Ϫ2m/r 0 , and then mϭr 0 3 /2R 2 and aϭ 3 2 ͱ1Ϫr 0 2 /R 2 . These are the relations obtained from a direct matching in r and coordinates.
In Fig. 1 we plot the interior ͑filled͒ and the exterior regions of the Schwarzschild spacetimes in U and v coordinates. The two regions are bounded by two asymptotes of Uϭconst and the equatorial plane curve. Note that the r ϭconst lines corresponds to Uϭconst, in particular, the boundary of the star corresponds to Uϭ0, the asymptote with the lower value of U represents the curve rϭ0, and r ϭϱ is the asymptote with the upper value of U. The curved boundary of the regions corresponds to the line ϭ/2 ͑the equatorial plane͒ and the other curves inside the regions represent ϭconst for different values of the constant. The region is doubly covered by curves of ϭconst as a consequence of the symmetry of the solution with respect to the equatorial plane (ϭ/2).
VII. THE PDE MASTER EQUATION FOR THE KERR METRIC
As an example of the first steps towards matching a vacuum exterior solution with an interior perfect fluid, let us study the PDE master equation for the Kerr metric. We write the metric in Boyer-Linquist coordinates ͓22͔
where ⌺ϭr 2 ϩa 2 cos 2 and ⌬ϭr 2 Ϫ2mrϩa 2 . We take a ''rigid rotating'' tetrad (sϭ0⇔␦ϭϭw) as the starting tetrad ͑with caret͒ 0 ϭ A In Fig. 4 we plot the Kerr exterior region in U and v coordinates for aϭ1.9 and mϭ2. The similarity with Fig. 1 
͑111͒
The first-order PDE master equation determining the gauge transformations that maintains the property that ␦ٙ ϭ0⇔daϭ0 can be written easily in terms of these expressions. To obtain the general solution of this master equation is a formidable problem, however we always know a particular solution which is given by the following expression:
͑112͒
This solution corresponds to passing from a ''rigid rotating'' tetrad to an ''irrotational motion tetrad,'' which is always possible. 
wϭ0. ͑118͒
The matching surface in this case will be given by
where k is a constant. The previous solution for will be determined in a unique manner by the value of in the surface given by Eq. ͑119͒.
VIII. CONCLUSIONS
We have presented the matching conditions for two rotating fluids in terms of the kinematical properties of both fluids in general relativity. A simplified form of the Einstein equations has been given, using coordinates adapted to the hypersurface separating both fluids. A physical situation where this analysis can be used is the case of a rotating relativistic star with two regions with different physical properties, equations of state, rotation laws, . . . , separated by a well-defined surface. The two-fluid problem is reduced to a system of two nonlinear second-order partial differential equation in two variables for two functions in the interior and exterior re-1gions. The boundary conditions for these functions are the continuity of them and their U derivatives on the matching surface, which is described by the equation Uϭ0.
The matching of a perfect fluid interior region and an exterior vacuum region is also analyzed as a model for an isolated rotating relativistic star ͑the models for the interior and exterior regions should be calculated at the same time͒. By solving a boundary problem for a first order partial differential equation ͑master equation͒, a tetrad is defined for the exterior region such that the matching ͑Darmois͒ and Einstein equations reproduce those of the two-fluid problem. Therefore, this problem can also be reduced to a boundary problem for a system of two nonlinear second order partial differential equations in two variables for two functions in both regions.
A static spherically symmetric star described by the interior and exterior Schwarzschild solutions is analyzed within formalism. The Kerr metric is also studied, the master equation written, some particular exact solutions found, and the change to coordinates U and v for those solutions described.
Two problems currently under consideration are the asymptotic flatness in U and v coordinates and the equatorial symmetry; for both problems the analysis of the spherically symmetric model, presented in Sec. IV, can be used as a guide. Also, we would like to mention that, in principle, it is possible to develop a numerical code using coordinates adapted to the surface of the star, or a transition surface, using the formalism and results developed in this paper to produce a complementary approach to the already existing codes. 
